TYPE III AND SPECTRAL TRIPLES 



ALAIN CONNES AND HENRI MOSCOVICI 

Abstract. We explain how a simple twisting of the notion of spectral triple allows 
to incorporate type III examples, such as those arising from the transverse geometry 
of codimension one foliations. We show that the classical cyclic cohomology valued 
Chern character of finitely summable spectral triples extends to the twisted case and 
lands in ordinary (untwisted) cyclic cohomology. The index pairing with ordinary 
(untwisted) K-theory continues to make sense and the index formula is given by the 
pairing of the corresponding Chern characters. This opens the road to extending the 
local index formula to the type III case. 



1. Introduction 

The basic paradigm of noncommutative geometry is that of a spectral triple (A, $), D) 
(cf. jH], 0), where the algebra A encodes the space and the operator D encodes the 
metric. In the finite dimensional situation, i.e. when there is an a > such that 
the n-th characteristic value of the resolvent of D decays as n~ a for n — > oo, the 
Dixmier trace [5] induces a nontrivial trace on the algebra A. The existence of a trace 
is a characteristic of the type II situation in the Murray-von Neumann classification 
of rings of operators. Thus, in essence the theory is, in its finite dimensional form, 
restricted to the type II case. 

We shall explain in this note how a simple twisting of the notion of spectral triple 
allows to incorporate type III examples, such as those arising from the transverse 
geometry of codimension one foliations. Since the twisting of the commutators turns 
the usual hypertrace constructed out of the Dixmier trace into a twisted trace on 
the coordinate algebra, one would be tempted to interpret that as a manifestation of 
twisting at the level of cyclic cohomology, akin to that introduced by the authors in 
the context of Hopf cyclic cohomology 8J. The main point of this note, besides giving 
simple natural examples of the general notion and developing the first basic steps of the 
theory, is to show that contrary to the initial expectations no cohomological twisting 
is in fact required. The Chern character of finitely summable spectral triples extends 
to the twisted case, and lands in fact in ordinary (untwisted) cyclic cohomology. The 
same holds true for the local Hochschild character. The index pairing with ordinary 
(untwisted) K-theory continues to make sense and the index formula is still given by 
the pairing of the corresponding Chern characters. This opens the road to extending 
the local index formula, as well as the analogue of the hypoelliptic construction on 
the dual system together with the corresponding Thorn isomorphism, to the context of 
twisted spectral triples of type III. 



The work of the second named author was partially supported by the National Science Foundation 
award no. DMS-0245481. 
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2. TWO MOTIVATING EXAMPLES 

2.1. Dirac operator. We start by recalling the classical comparison formula for the 
Dirac operators associated to conformally equivalent metrics, cf. [2|. Given a 

compact spin manifold M n , to each Riemannian metric g on M one can canonically 
associate a Dirac operator <j) = <f acting on the Hilbert space fj = fj 9 := L 2 (M,S 9 ) 
of L 2 -sections of the spin bundle S = S 9 , and thus a corresponding spectral triple (cf. 
0) (.4, fi, 0) over the algebra A := C°°(M). Let ft, G C°°(M) be a self-adjoint element 
and replace g by the rescaled metric g' = e~ Ah g. After identifying the corresponding 
spin bundles via the Spm n -equivariant transformation f3 9 g , from g-spinorial frames to 

<7 '-spinorial frames defined in |2J, the gauge transformed operator 9 $ 9 := (3 9 ' o<^ 9 of3 9 , 
has the expression, cf. (26)], 

3^9' _ e (n+l)h Q {j)9 Q e -(n-l)h _ 

In order to account for the change of the Riemannian volume form, voL/ = e~ 2nh vol g , 
at the level of L 2 -sections one needs to further rescale the canonical identification by 
setting 

P 9 g , : = e nh o (3 9 g , = f3 9 gl o e nh : fi 9 -> i^ 9 '. 

This shows that the gauge transformed spectral triple is simply obtained by replacing 
^ with 

$' = e h $e h . 



2.2. Perturbed spectral triple. In the general case, when one starts from an arbi- 
trary spectral triple (A,Sj,D) (cf. jS], [0]) and a self-adjoint element h = h* £ A, it is 
natural to wonder what are the properties of the 'perturbed' triple 

(2.1) (A,Sj,D') , D'=e h De h . 

The operator D' is still self-adjoint but the basic boundedness condition 

(2.2) [D,a] is bounded WaeA, 

will not necessarily hold, unless h is in the center of A. 
However, the following simple fact holds true. 

Lemma 2.1. For any self- adjoint element h e A, letting 

(2.3) a(a) = e 2h ae~ 2h , a E A, 
one has 

(2.4) d' a a := D' a- a (a) D' is bounded VaeA. 

Proof. The fact that the usual commutators [D,b], b £ A, are bounded implies the 
boundedness of 

(2.5) d^a = e h De h a - e 2h ae- h De h = e h [D,b}e h , b = e h ae~ h . 

□ 
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2.3. Transverse spectral triple. As a next example we take a codimension 1 foliation 
and consider the corresponding noncommutative algebra A of 'transverse coordinates'. 
In fact, as a further simplification we restrict to a complete transversal and take for A 
the algebraic crossed product of the algebra C 00 (5' 1 ) of smooth functions on S 1 by a 
group T of orientation preserving diffeomorphisms. Any element of A = C7°°(S' 1 ) x T 
is represented as a finite sum of the form 

a= ^a^U}, 
r 

the product rule is determined by 

(2.6) U ;f={fo4>)u; ) u;u; = u;^ 

and the involution 

(2.7) a =^2a < j > U% i — > a* = y^U^a^. 

r r 

One represents A = C 00 (5' 1 ) xT in the Hilbert space ft = L 2 (S l ) by the ^representation 

(2.8) (tt(<7 [/;)£) (x)= g(x)<f>'{x) 1 H{4>{x)), V£ G Sj , x G K/Z. 

In the role of D we take the operator $ = ~ -J^, while the automorphism a G Aut*4 is 
defined on the monomials generating A by 

d<p(x) 
dx 

One then has the following boundedness property. 
Lemma 2.2. For any a G A, the twisted commutators 

(2.10) $on(a) - ir(a(a))o@, 

(2.11) and \$\ o tt(o) - 7r(<r(o)) o |0| 
are bounded. 

Proof. For any a = gUI one has: 

^(7r(a)0(x) = f £ ^(0(x)) + <?W(a;)l 0(£ o 

= ? s (g&Wi^) £(<K*)) + sWO*^ (</>'(*) ; 

equivalently, 

(2.12) ^((7r(o))(0)(x) - 7r(a(a))(^))(x) = ~ ^ (^(z)*) 0'(*)^ (7r([/^)(x), 

which proves the boundedness of the twisted commutator (|2.1U|) . 

To prove the same for (|2.11j) we shall switch from direct calculation to an equally 
elementary symbolic argument. Letting denote the translation operator by (f) G T, 

{v^ix) = eor 1 ^)), v^g^, xgr/z, 



;2.9) *(^) = ^^- 
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one has for any a = g G A, 

(|?|o7r(a) - 7r(<7(a))o|0|)o^ = mog^ - <70'W°l0l oV *- 

Now V^ 1 o |^| o Vej, is a 1-st order (classsical) pseudodifferential operator whose principal 

symbol is ^— times the principal symbol of |^|. It follows that the right hand is a 

pseudodifferential operator of order 0, hence bounded. □ 

Remark 2.3. The symbolic argument given above applies more generally to any pseu- 
dodifferential operator of arbitrary order m G R. Thus, if P G ^DO m (S 1 ), then for 
all a G A 

(P 071(a) - 7r(<7 m (a)) o P) o G ^DO m '\S l ) . 
Remark 2.4. The canonical state ip on A, 

(2.13) p(/t/;)=0i/^l, and </?(/)=/ /(x) dx 
is a a^-trace, i.e. satisfies 

(2.14) ip(ab) = ifiba-^a)), Va,beA, 

and its modular automorphism group is precisely the one-parameter group of automor- 
phisms 

(2-15) a ^u$ = (y^* g ir+, teR, 

whose value (after analytic continuation) at t = —i coincides with a. 



3. cr-SPECTRAL TRIPLES AND THEIR BASIC PROPERTIES 

3.1. Elementary properties. The usual definition of a spectral triple extends to the 
context illustrated by the preceding examples as follows. 

Definition 3.1. With a being an automorphism of A, an ungraded a-spectral triple 
(A,S),D) is given by an action of A in the Hilbert space 5), while D is a self-adjoint 
operator with compact resolvent and such that 

(3.1) D a — a (a) D is bounded Wa<EA. 

A graded a-spectral triple is similarly defined, with the additional datum of a grading 
operator 

7 = 7* e , 7 2 = / 
which commutes with the action of A, while 

(3.2) £> 7 = - 7 £>. 

A Lipschitz-regular a-spectral triple is one that satisfies the additional condition 

(3.3) WaeA, \D\a—a(a)\D\ is bounded. 
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In the case when A is an involutive algebra and the representation is involutive, to 
ensure the compatibility between the automorphism a and the *-involution, we impose 
the additional unitarity condition: 

(3.4) a{a*) = («7 _1 (a))*, V a G A . 

Lemma 12.21 shows that the transverse Dirac operator on a codimension 1 foliation 
gives rise to a Lipschitz-regular cr-spectral triple with a given by the Jacobian of the 
holonomy. In particular, since this spectral triple is 1-summable, one gets examples of 
finitely summable cr-spectral triples for which the representation of A in Sj generates 
a type III factor. 

Let us spell out the extensions to the twisted case of some basic properties of spectral 
triples. For background on spectral triples, including notational conventions used be- 
low, we refer the reader to jSJ IV. 2] and [HI Appendix A], while for the notion of cx-trace 
see 0. 

First of all, we note that any twisted spectral triple which is Lipschitz-regular can be 
canonically 'untwisted' by passage to its 'phase'. This is quite clear in the case of the 
second example (cf. S J2.3J1 . since the phase of (/) = 4 4z is the Hilbert transform, and is 
actually easy to prove in full generality. 

Proposition 3.2. If the a-spectral triple (A,$),D) is Lipschitz-regular and F = 
D |-D| _1 , then (Sj,F) is a Fredholm module over A. If moreover (A,S),D) is finitely 
summable, so is ($),F). 

Proof Indeed, for any a G A, 

Da - a(a)D = \D\ (F a - aF) + (|£>|a- a (a) \D\) F , 

therefore 

[F, a] = \D\- l ((Da - a (a) D) - (\D\a- o(a) \D\) F) . 

Thus, all these commutators are compact operators, and in fact they are quantized 
differentials of the same order as □ 



Proposition 3.3. Let (A,Sj,D) be a a-spectral triple with D 1 G £ 
(1) The linear functional 



a G A^> <f(a) = 




:= Tr>/r n ) 



is a a n -trace on A: <p(ab) = <p(ba n (a)), Va, b <E A. 

(2) More generally, for any bounded operator T G £($)), 

(3.5) Tr 0J {Ta- n {a)D- n ) = Tr w (aT D~ n ) , VaGi. 

(3) When the a-spectral triple (A,$),D) is Lipschitz-regular, the same hold true 
when D~ n is replaced by \D\~ n . 
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Proof. Let us show by induction that for any 1 < k < n one has 

(3.6) D- k a- a- k (a)D- k e Cl'°° , Va G A. 
Clearly, 

D- l a - o-\a)D- 1 = D~ 1 {aD- Do--\a))D- 1 G £o'°°. 
To verify the inductive step we write 

D- k a- a- k (a)D- k = D~ x (D~^ a - ^^(a) D~^) 

+ (D- 1 a-^ia) - o-- k (a)D- l )D- {k -^ 

and observe that, by Holder's inequality and the induction hypothesis, each of the two 

summands in the right hand side belongs to Cq ' . 
Applying now (|3.6|) for k = n, one obtains 

ip(Ta~ n (a))= j^To-- n (a)D- n = J- T D~ n a = <p(aT) , VT G C(Sj) . 

To prove the third statement, one replaces D by \D\ throughout the above argument. 

□ 

We now consider the analogue of the bimodule of gauge potentials given in the usual 
case by the ^4-bimodule C C(Sj) of operators of the form 

(3.7) A = Ea,i[D, bi], a i} bieA. 

Let (A,S),D) be a u-spectral triple, then we let Qjj C C(S)) be the linear space of 
operators of the form 

(3.8) A = Ea i (Db i -a(b i )D), a i} heA. 



Proposition 3.4. Let (A,Sj,D) be a a-spectral triple, then tip is an A-bimodule for 
the action 

(3.9) a ■ u ■ b = a (a) ub, V a, b G A , Vcj G 
and the map 

(3.10) a i — > d a (a) = D a — a (a) D 
is a derivation of A in £l D . 

Proof. One has 

d a (ab) = Dab- a(ab) D = (Da- a(a) D)b + a (a) (Db- a(b) D) 
which shows that 

(3.11) d a (ab) = d a (a) ■ b + a ■ d a (b) , Va, b G A 

Since a is an automorphism of A, the linear space Q]^ is the linear span of the a ■ d a (b) 
for a, b G A. By (13.11)) this is stable under right multiplication by elements of A. Thus 
is an ^4-bimodule. Finally (|3.11|) shows that d a is a derivation. □ 
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3.2. Chern character. By Proposition 13.21 any a-spectral triple (A,Sj,D) of finite 
summability degree, i.e. such that with D^ 1 G £ n >°° for some n G N, which in addition 
is Lipschitz-regular has a well-defined Chern character in cyclic cohomology, namely 
the Chern character of its 'phase' Fredholm module F) over A, 

(3.12) <S> F (a°,o},...,a n ) := Tr (7 F [F, a } [F, a 1 } - ■■ [F, a n ]) , V a ,a\ . . . a n G A, 

with 7 omitted in the ungraded case (cf. Part I]). 

On the other hand let us assume for a moment that (A, S),D'), D' = e h De h , is a 
graded twisted spectral triple as in H'2.21 with the property that D^ 1 G C n,oa for some 
even n G N. Applying ()2.5|) one sees that 

D'- 1 d' a a = e~ h D~ x [D, b] e h , where b = e h a e~ h . 

Therefore, for any a°,a l , . . . ,a n G A, 
(3.13) 

Tr D'^d'y D'^d'y ■ ■ ■ D'^d'X) = Tr (7 D'^D, b°] D~ X [D, b 1 ] ■ ■ ■ D^D,^}) , 

with b l = e h a 1 e~ h , Vz = 0, . . . , n. The right hand side of the above identity is a cyclic 
cocycle on A that represents, up to normalization, the Chern character of (A,$),D), 
cf. [3J Part I, §6]. It follows that the left hand side is also a cyclic cocycle, obtained via 
conjugation by an inner automorphism, and thus determining the same periodic cyclic 
cohomological class 

Ch*(A,fi,D') = Ch*(A,Sj,D) g HP* (A). 

This suggests that it should be possible to define a 'straight' Chern character for any 
finitely sumable twisted spectral triple, not just for those that are Lipschitz-regular. 
The proposition below confirms that this is indeed the case. 

Proposition 3.5. Let (A, $), D) be a graded a-spectral triple such that D^ 1 G C n,OD for 
some even nGN. Then the following multilinear form 

(3.14) $zv(a°, a 1 ,..., a n ) := Tr (7 ZT^a D^d^a 1 ■ ■ ■ D- l d a a n ), a , ... a" eA 
is a cyclic cocycle in Z™(A). 

Proof. The proof of Proposition 1 in Part I, §6] (cf. also infra) applies verbatim 
to the twisted case if one simply replaces the representation a t— > D^aD by a h 
D~ l (T{a)D, Va G A. □ 



3.3. Pairing with i^-theory. Implicit in the above proof is the existence 'behind the 
scene' of a pair of graded Fredholm module over A, (Jo 1 * 1 , F^) , canonically associated 
to the cr-spectral triple (A,$],D). To wit, we decompose (A,S"),D) according to the 
grading by 7 into 

* = *♦**-. D = (L D o ) • « = ( o + °) ■ Va e A - 



then define 
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and note that for all a G A , firstly, 

(3.15) D± 1 a(a T )D ± = a± - D ± 1 {D± a± — cr(a=p) D±) is bounded, 

and secondly, 
(3.16) 

[F ± ,7T t (a)]=f n _ Xm ° , -D ± HD ± a ± -a(a T )D ± )\ cn ^ 
\D± {D±a±- a{a T )D±) J 

Lemma 3.6. Let (A, $), D) be a graded a-spectral triple such that D^ 1 G C n '°° for some 
even n G N, and let e G A be an idempotent. Denote by f± the bounded closure of of 
D± 1 a(e T )D±. Then f± = f± and f±e± : e±$)± — > f±S)± are Fredholm operators. 

Proof. The first claim is obvious and the second follows from the fact that f± — e± is 
compact. □ 

The integer Index (/±e±) depends only on the i^-theory class of the idempotent, and 
thus one can define a pair of index maps Index^ g : K (A) — > Z, by setting 

(3.17) Index^Je] = Index(/±e±) , Ve 2 = e G M N (A); 
taken together, they give rise to a double index map 

(3.18) Index A(T = (lndex+ a , Index^ J : K (A) -> Z x Z. 

On the other hand, the cyclic cocycle (J3.14j) is itself made of two cocycles in Z™(A), 

(3.19) $± >°, . . . , a n ) : = Tr (D ± \D ± a° ± - a{a%) D ± ) ■ ■ ■ Dg\D± a n ± - a(a») D±)) . 

Proposition 3.7. Let (A, f), D) be a graded a-spectral triple such that D^ 1 G £ n >°° for 
some even n G N. For any e 2 = e G Mn{A), one has 

(3.20) Index± CT [e] = *± a (e, . . . , e) . 
If in addition e* = o~(e), then 

(3.21) Index+ CT [e] = - lndex+ [e] . 

Proof. Indeed, lndex+ a is precisely the index map associated to the Fredholm module 

(S}±, F±) , and therefore is given by the corresponding index formula, cf. Part I, §3, 
Theorem 1]. 

The second claim follows from the fact that, if e* = o~(e), then 

(3.22) (De- o-(e) D)* = - (D e - a(e) D) , 
which in turn implies 

$£,*( e > • • • » e ) = - $ D, CT (e,---,e). 

□ 
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3.4. One-parameter group of automorphisms. We now make the the additional 
assumption that the involutive Banach algebra A is equipped with a strongly contin- 
uous 1-parameter group of isometric automorphisms {cr t } tgK such that 

(IPG) o coincides with the value at t = —i of the analytic extension of {o~t}teM.- 

The existence of such an analytic extension defined on a dense subalgebra O of A, which 
is moreover stable under holomorphic functional calculus, is ensured by a theorem of 
Bost [U Thm. 1.1.1]. 

To begin with, let us note that in the presence of the above hypothesis, which by the 
way is automatically satisfied by the transverse spectral triple, cf. (|2.15|) . the double 
index map reduces to a single index pairing map. 

Lemma 3.8. Assume that A satisfies (IPG). Then the two signed index maps coincide, 
i.e. 

Index J a = — Index^ : K (A) — > Z. 

Proof. Let e 2 = e = e* G Mn(0) be a projection. Instead of (|3.22|) we now use the 
identity 

(3.23) {Do~-\e) - e D)* = -(De - a(e) D) , 

together with the fact that the idempotents e and a~ l (e) are homotopic via the path 
t G [0, 1] i— > o-ji(e), to obtain 

Index+ a [e] = Index+ c [a~ l (e)\ = >-i(e), . . . ,<r-i(e)) = • • • , e) 

= -Index^ j(T [e] . 

□ 

As a matter of fact, an elaboration of the above argument gives a more comprehensive 
result that elucidates the relationship between the two 'half-character' cocycles ()3.19j) . 
Note however that unlike the classical case, where this relationship manifests itself 
already at the level of cocycles (cf. [HJ Part I, §6]), in the twisted case it only occurs 
at the cohomological level. 

Theorem 3.9. Let (A,$),D) be a graded a -spectral triple such that D^ 1 G £ n >°° for 
some even n G N, Under the assumption (IPG), the two Chern characters J G 
HP 0v (O) are related by the identity 

(3.24) [$ 5f j = -pyi, 

where 

($+J*(a ,...,a n ) := $+>*,..., aj) , V a , a 1 , . . . ,a n G O . 
Proof. For any a G and £ G [0, 1], let 

(3.25) Ma) := ((»♦ o .„)(«'))* = (" "f +) ^^1) . 



10 CONNES AND MOSCOVICI 

and define the family of Fredholm modules {(fit, Ft)}te[o,i], by taking 

fit = fi+ © fi+ acted upon by O via 7r t , and F t := ^ 

As in (I3.16j) one has [F t ,ir t (a)] G £ n, °°, because 

D a^ it (a) D- 1 - <r_ ft (a) = (D a^ it (a) - a(a^ it (a)) D) D' 1 G C n '°°. 
Note also that 

(3.26) *.w = ( a + =(.*(.•»•, 

and 

(3-27) ^(a) = ^ Q D a Dz iJ = o J vr (a) Q 

By Lemma 1 in Part I, §5], the periodic cyclic cohomology class Ch*(fi t , F t ) G 
HP cv (0), is independent of t G [0, 1]. We also recall that this class can be represented 
by the cyclic cocycle 

^ t (a°,...,a n ):=^Trff I Q F t [F u n t (a )} ••• [F t , 7T t (a n )]Y a , . . . , a n G O. 

In particular, using ()3.26|) and ()3.23j) . one has 

$ (a°, . . . , a n ) = Tr ((a° - D_a- 1 (a°_)DZ 1 ) • • • « - D^a-^a™ ) J Dl 1 )) 

= (*y(a°. •••.«"). 

while by ff3~27f) 

$i(a°,...,a n ) = Tr ((a(a° + ) - D^aZDZ 1 ) ■ ■ ■ (a(a%) - D_a n _DZ 1 )) 

□ 



3.5. Local Hochschild cocycles. As a first step in the direction of extending the 
local index formula of jE] to twisted spectral triple, we shall construct an analogue of 
the local Hochschild cocycle that gives the Hochschild class of the Chern character in 
the untwisted case, cf. jSJ IV. 2. 7]. We begin by revisiting the latter and then proceed 
in a heuristic manner. 

Given a graded spectral triple (A,fi,D) such that D^ 1 G £ n '°° for some n G 2N, the 
Hochschild class of its Chern character is represented in local form by the following 
cocycle: 

(3.28) ^ D (a°,a\...,a n ) := ^7 a [D, a 1 ] ■ ■ ■ [D, a n ] D~ n , V a , a 1 , . . . , a n G A . 
Noting that 

(3.29) [D, a] D- k = D~ k+1 (D k a D~ k - D^ 1 a ZT fc+1 ) , V a G A , 
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we can successively move D~" to the left with loss of a power at each step, and thus 

rewrite the cocycle (|3.28|) in the form 

(3.30) 

V D {a°,a\...,a n ) = j-j a (D a 1 D^ 1 - a 1 ) ■ ■ ■ (D n a n D~ n - D n ~ l a n D~ n+1 ). 

In the twisted case, inspired by the formulas (|3.26j) . (|3.27|) . we make the formal sub- 
stitution 



(3.31) D k aD- k i — ► D k a- k (a)D~ k , Vaei, 

and obtain the following candidate for a Hochschild character cocycle: 

^D !<T (a°,a l ,...,a n ) = 

^7 a (Da-^a^D- 1 - a 1 ) ■ ■ ■ (D n a' n (a 11 ) D~ n - D"^ 1 a~ n+1 (a n ) D~ n+1 ) . 

The counterpart of (|3.29j) being 

(3.32) d a (a- k (a)) D~ k = D- k+1 (D k (j- k (a) D~ k - D^ 1 o-- k+ \a) D~ k+1 ) , 



one can reverse the process of distributing D n among the factors, which leads to the 
expression stated below. 



Proposition 3.10. Let (A,$j,D) be a graded a-spectral triple such that D 1 G C n, °° 
for some even nGN. Then the n + 1 -linear form on A 



(3.33) ^zv(a°, a 1 ,..., a n ) := f 7 a d v {<j-\a x )) ■ ■ ■ d a (o-- n (a n )) D~ n 



is a Hochschild cocycle in Z n (A, A*) . 

In the ungraded case, for a a-spectral triple of odd summability degree which is Lipschitz- 
regular, the corresponding Hochschild cocycle is defined by the expression 

(3.34) * D>CT (a°, a\ • • • , O := j- a d a {<r-\a x )) • • • d a {a~ n {a n )) \D\~ n . 
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Proof. We check that ^D,a is a Hochschild cocycle by computing its coboundary, using 
the derivation rule (J3.ll)) . as follows: 

n 



bV(a° } a\ a n+1 ) = ^(-1)* #(a°, a ! a ,+1 , a n+1 ) + (-l) n+1 $(a n+1 a°, a 1 , a n ) 

i=0 

7 a a 1 d a (<T-\a 2 )) ■ ■ ■ d a (o- n (a n+1 )) D~ n 

- l^aV^-V))-" rf CT (a- n (a n+1 ))D-™ 

- j- ia Q d ff {<T-\a x ))<T-\a*)-- - d a (a~ n (a n+1 )) D~" + ... 



+ (-l) n j-'ya d tr (<T- 1 (a 1 ))--- a~ n+1 (a n - 1 ) o-- n+ \a n ) (j- n (a n+1 ) D~ n 

+ {-l) n j 1 a°d a (a-\a 1 ))--- a~ n+1 (a^ 1 ) d a (a- n (a n )) a' n (a n+1 ) D' 71 
+ (-l)" +1 / 7 a n+1 a°rf (T ( ( T- 1 (a 1 ))--- ^(^-"(a"))^-". 



The resulting expression vanishes because of successive cancelations, with the last two 
terms canceling each other in view of ()3.5|) . 

In the ungraded Lipschitz-regular case, the very same calculation holds true provided 
7 is replaced by the phase operator F = D \D\~ X . □ 

The cyclic group generated by a G Aut(^4) acts in a natural way on the set of such 
Hochschild cocycles. For each integer m G Z, the corresponding 'gauge transformed' 
cocycle via the action of a m G Aut(^4), has the expression: V a , a 1 , . . . a n G A, 

(3.35) tfgj(a ,a\...,a n ) := j- 'j a m (a°) d a (a m ~ 1 (a 1 )) ■■■ d a ( y a m ~ n (a n )) D^ n . 

As an illustration, let us specialize formula ()3.34|) to the twisted spectral triple (A, Sj) 
associated to a codimension 1 foliation (cf. ^2.3j) . We shall assume throughout that the 
group T consists of orientation preserving diffeomorphisms with nondegenerate isolated 
fixed points. Denoting the local Hochschild cocycle by and using ()2.12j) . one has 

Mfu;, g u;) = j-vtfu;) (^(a-\ g u;)) - n( g u;)$) 

Here the functional j- is extended to the algebra \I/D0 0O (S' 1 ) xi T by the formula 

(3.36) f V x lp = Res^oTr^P^r 8 ), Pe^DO 00 ^ 1 ), X G T. 

By IV. 2.(3], when \ = I this coincides with the Wodzicki residue of P. On the 
other hand, when P = F with F G C 00 (S' 1 ), and x is a diffeomorphism with 
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nondegenerate isolated fixed points the above expression vanishes. Indeed, using the 
Mellin transform 



e-W dt. 



Tr(V- l F\^) = 1y(Vf (fy 8+ ^ = ^ J™ Tr (v-i F 

By (HI §1.8], given that the fixed point set is O-dimensional and that the differential 

operator F is of degree 0, the asymptotic expansion of Tr (v~ l F e - *^ as t — > 

involves only positive half-integer powers t*, with n > 0. Thus, the residue at s = 
of the analytic continuation of the above expression is equal to 0. 

It follows, firstly, that the cocycle is localized to the identity. Secondly, for if) = 
one obtains the following explicit formula: 

MfU;, gU;) = - f f(x)4J{x)t(gW)-i)'{</>(x))dx. 



An elementary manipulation of this expression gives 

(3.37) MfU;, gU^) = -2z I f<f>*(dg) - i [ f <f>*(g) d log <f>' . 

Jr/z Jr/1 

Both terms in the right hand side are recognizable cyclic cocycles, cf. jlj and III. 
6.(3]. The first equals — 2i times the cyclic cocycle 

(3-38) r(fU;, 9 U;) = <p(f U* ■ dg 1%) , 

with (p the canonical state (|2.13|h which represents the transverse fundamental class 
of the 'quotient space' [S' 1 /r]. The second coincides with the Lie derivative of r with 
respect to the generator 5 of the modular automorphism group {<T t }tm (see (|2.15Jl ). 
5{f U;) = i log cf)' ■ f U;. Indeed, for if; = <f)~\ 

C s r(fU;,gU;) := r(5(f U;), g U# + r(f U*, 8{g U$) 

= <p(6(f u;) ■ dg u;) + v <j u; ■ d(6( g u;)) 

= i [ f log<f>' <f)*(dg) + i [ f(ff{gd\ogif)') 

JM./Z JR/Z 

f<f)*(g)dlog<f)'. 



By the cyclic analogue of the Cartan homotopy formula Cs = [e& + Eg, b + B], and 
since r is a cyclic cocycle, one sees that Cs t is a coboundary: 

(3.39) C s t = B(e 5 T) + b(E S T), 

where e S T(a°,a\a 2 ) := -r(5(a 2 )a° ^a 1 ) and E 5 r(a°) := r(l, a ) = Br(a°) = 0. 

We have thus proved the following statement, showing that the local Hochschild cocycle 
(I3.34|) does represent the 'correct' class. 
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CONNES AND MOSCOVICI 



Theorem 3.11. The local Hochschild cocycle associated to the Dirac spectral triple 
over A = C°°(S' 1 ) x T, with T acting by orientation preserving diffeomorphisms with 
nondegenerate isolated fixed points, has the explicit expression 

(3.40) = -2ir + £ 5 t. 

In particular, it is a cyclic cocycle and its periodic cyclic cohomology class is propor- 
tional to the transverse fundamental class [S 1 /Y]. 

The facility of the above computation stands in sharp contrast to the tremendous 
amount of calculations required to explicitly compute the local index cocycle for the 
type II - but 3-dimensional - lift of the above spectral triple to the frame bundle. Those 
calculations were kept unpublished, due to their excessive length, but we recorded their 
end result in Appendix, eq. (9)]; the expression of the corresponding 3-dimensional 
cocycle is quite similar to equation (|3.4(J|) . 

4. Future developments 

We conclude by listing, roughly in their increasing order of complexity, a few themes 
for future research in this direction. 

4.1. Symbolic calculus and local index formula. The symbolic calculus developed 
for spectral triples (c/. [HI Appendix B]) needs to be adapted to allow, in particular, 
establishing that if (A,S),D) is a cx-spectral triple with D^ 1 G C n, °° that satisfies a 
stronger regularity assumption, then 

(4.1) |D| _t (\D\* a - a\a) \D\ l ) G £ n '°° , Vt G 1. 

By Remark 12.31 the transverse spectral triple example fulfills this property. Note also 
that the extra regularity assumption ()4.1|) immediately reconciles the two definitions 
given above to the Chern character, viz. (J3.12J) and ()3.14|) . Indeed, one can then 
produce the following homotopy between the cyclic cocycles <3>f and $_d i0 -: 

$ t (a°, a 1 ,..., a n ) := Tr ( 7 D;\D t a - ^{a ) D t ) ■ ■ ■ D^{D t a n - ^"'(a") A)) , 

where D t = D and t G [0, 1]. 

The full expression of the local formula for the Chern character of a finitely summable 
cx-spectral triple, based on a-twisted commutators and extending the noncommutative 
local index formula in [HI Part II], remains to be worked out. 

4.2. Relation to type II and Thorn isomorphism. One should expect that the 
constructions in the foliation context and in the context of modular forms of hypoellip- 
tic spectral triples on frame bundles extend to the general context of twisted spectral 
triples satisfying (IPG). The noncommutative space associated to the total space of 
the frame bundle corresponds to the cross product algebra by the one-parameter group 
{o~t}tm- The ^-homology classes on the base and on the total space as well as their 
local index cyclic cocycles should be related by a Thorn isomorphism. 
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4.3. Higher dimensions. The most challenging task ahead consists in extending the 
above considerations to the case of foliations of higher codimension, which has been 
put in the framework of a higher form of Tomita's theory in Section 3. The above 
notion of twisting only allows to handle the determinant part of the cocycle given by 
the Jacobian. One expects the general case to involve dual actions of Lie groups such 
as GL(n) and more generally of quantum groups. 

4.4. Relation with quantum groups. The domain of quantum groups is a natural 
arena where twisting frequently occurs (see ^U]) and where the above extension of the 
notion of spectral triple could be useful. One would expect that the higher dimensional 
generalizations alluded to above would also extend to the braided context that arises 
from quantum groups. 
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